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Abstract

We present a duality for the intuitionistic modal logic IK introduced
by Fischer Servi in [8, 9]. Unlike other dualities for IK reported in the lit-
erature (see for example [13]), the dual structures of the duality presented
here are ordered topological spaces endowed with just one extra relation,
which is used to define the set-theoretic representation of both O and <.
Also, this duality naturally extends the definitions and techniques used
by Fischer Servi in the proof of completeness for IK via canonical model
construction [10]. We also give a parallel presentation of dualities for the
intuitionistic modal logics IntKy and IntKe. Finally, we turn to the
intuitionistic modal logic MIPC, which is an axiomatic extension of IK,
and we give a very natural characterization of the dual spaces for MIPC
introduced in [2] as a subcategory of the category of the dual spaces for
IK introduced here.

1 Preliminaries

1.1 The logics IntKp, IntK, and IK

Let Int be the standard intuitionistic propositional calculus. For a non-empty
set M of unary modal operators, let L, be the intuitionistic propositional
language augmented by the connectives in M. By an intuitionistic modal logic
we understand any subset of £, containing all the theorems of Int and closed
under modus ponens, substitution and the regularity rule ¢ — ¥/m¢ — ma
for every m € M.

The logic IntKp, in the language Lg, is axiomatized by adding the following
axioms to Int:

O(¢pAp) =0pA0¢p and OT =T.

The logic IntK, in the language Lo, is axiomatized by adding the following
axioms to Int:

OBV ) =OpV Oy and OL = L.

The logic IntK g is the smallest logic S in the language Lo such that IntKpU
IntK, C S. The modal operators O and < are independent in IntKge, but are
connected in the logic IK, defined by Fischer Servi in [8, 9] and axiomatized in
[10]. IK is the axiomatic extension of IntKne obtained by adding the following
connecting arioms:



O = ¢) = (B — O¢) and (O¢ — OY) — D(¢ — ¢).

1.2 Algebraic semantics
Definition 1.2.1. (IntKg-algebra) A = (A, A,V,—,0,0,1) is an IntKg-

algebra iff (A,A\,V,—,0,1) is a Heyting algebra and the following axioms are
satisfied:

O(aAb)=0aA0b and O1 = 1.

Definition 1.2.2. (IntK¢-algebra) A = (A, A,V,—,<0,0,1) is an IntKo-
algebra iff (A,A\,V,—,0,1) is a Heyting algebra and the following axioms are
satisfied:

Olavb) =<CaVoOb and ©0=0.

Definition 1.2.3. (IK-algebra) A= (A, A,V,—,0,$,0,1) is an IK-algebra
iff (A,A,V,—,0,1) is a Heyting algebra and the following azioms are satisfied:

1.01=1 2.00=0
3. O(aAb)=0aA0b 4. ClaVvb) =av<Ob
5.0(a—b)<0a—<Cb 6. Ca— 0b< O(a—b).

2 Frames

An intuitionistic frame [4] is a poset, i.e. a structure (X, <), such that X # ()
and < is a reflexive, antisymmetric and transitive binary relation on X. Let
P<(X) be the collection of the <-increasing subsets of X. For every relation
SCX x X and every Y, Z C X, let

Ds(Y) = {eeX|Sl)cy)
os(Y) = f{zeX|SENY £0}
Z=g5Y = Ds((X\Z)UY)

= {reX|VWeXxSy&kyeZ=yecY}

Lemma 2.0.4. For every poset (X,<) and every A,B € P<(X), A=< B €
P<(X).

Proof. Assume that z € (A =< B) and  <y. Then for every z € A, if y < 2,
then = < z, and so z € B. This shows that y € (A =< B). O

Lemma 2.0.5. For every intuitionistic frame (X, <), (P<(X),N,U,=<,0, X)
1s a Heyting algebra.

X) is a

Proof. For every partial order (X, <), it holds that (P<(X),N,U,0,
<(X),

bounded distributive lattice. Let us show that for every A, B,C € P.
(ANC)CBiff C C (A=< B).



(=) Let ¢ € C, and let us show that ¢ € A =< B, i.e. that if ¢ < y and
y € A theny € B. Asc <y, ¢c € C and C is <-increasing, then y € C, so
ye AnC C B.

(<) Ifx € ANC C C C A=< B, then for every y € A such that z < y,
y € B. Then take y = z. O

Definition 2.0.6. (Frames) Let F = (X, <, R) be such that X is a nonempty
set, < is a preorder on X and R is a binary relation.

1. F is an IntKg-frame iff (<o R) C (Ro <).

2. Fis an IntKo-frame iff (> o R) C (Ro>).

3. F is an IK-frame iff (>0 R) C (Ro>) and (Ro <) C (<o R).
Example 2.0.7. For every partial order (X, <),

1. (X, <, <) is an IntKp-frame.

2. (X,<,>) is an IntKo -frame.

3. (X, <, >0<) is an IK-frame.

Lemma 2.0.8. For every partial order (X, <) and every binary relation S on
X

7

1. the following are equivalent:

(a) (£05) C(Sox).
(b) P<(X) is closed under Og.

2. The following are equivalent:

(a) (>08)C(So>).
(b) P<(X) is closed under <¢g.

3. The following are equivalent:

(a) (So<)C(<08).

(b) For every x € X, S[z1] € P<(X).

Proof. 1. (a = b) Let us show that if ¥ C X is <-increasing, S[z] C Y and
x <y, then S[y] CY: For every z € S[y|, * < ySz, hence by assumption v < z
for some v € S[x] CY, and as Y is <-increasing, z € Y.

(b = a) Assume that © < ySz, and let us show that z € S[z]]. As S[z]]
is <-increasing, then by assumption Og(S[z]T) = {s € X | S[s] C S[z]1} is
<-increasing. As S[z] C S[z]1, then z € Og(S[z]1), hence & < y implies that
y € Og(S[z]T), and as z € S[y] C S[z]T, then z € S[x]1.

2. (a = b) Let us show that if Y C X is <-increasing, S[z]NY # ) and = < y,
then S[y]NY # 0: let z € S[z] NY, then y > xSz, hence by assumption v > z
for some v € S[y|, and as z € Y and Y is <-increasing, then v € Y.



(b = a) Assume that x > ySz, and let us show that z € S[z]|. As S[z]| is
<-decreasing, then S[z]|° is <-increasing, so by assumption Cg(S[z]|) = {s €
X | S[s] € S[z]|} is <-increasing. As S[z] C S[z]l, then = ¢ Cg(S[x]]), hence
x > y implies that y ¢ <g(S[x]]9), and as z € S[y] C S[z]|, then z € S[z]].

3. (a <= b) Let us show that if z € S[z1] and z < y, then y € S[zT]: As
x < vSz < y for some v € X, then by assumption z < v < wSy, hence
y € S[aT].

(b = a) Assume that xSy < z, and let us show that z € S[z1]. As y € S[z] C
S[x1], y < z and S[z1] is <-increasing by assumption, then z € S[z1].

O
Corollary 2.0.9. For every preorder (X, <) and every binary relation R on X,
P<(X) is closed under O(<,py-

Proof. Tt holds that (<o (<oR)) C ((€<oR)o<), hence clause (a) of item 1 of
2.0.8 is satisfied with S = (<o R). O

Lemma 2.0.10. Let F = (X, <, R) be a relational structure.

1. If F is an IntKg-frame, then Ax = (P<(X),N,U,=,0g,0,X) is an
IntKg-algebra. Hence, every subalgebra A of Arx is an IntKg-algebra.

2. If F is an IntKo-frame, then Ax = (P<(X),N,U,=,Og,0, X) is an
IntK-algebra. Hence, every subalgebra A of Ax is an IntK -algebra.

3. If F is an IK-frame, then Ar = (P<(X),N,U,=,0(<or), Or,0, X) is an
IK-algebra. Hence, every subalgebra A of Ax is an IK-algebra.

Proof. 3. Let us show that Or(U = V) C (O<oryU = ORrV) for every
U,V € P<(X): Assume that x € Or(U = V), let 2 < z and z € D<op)U,
and let us show that z € OgV, ie. that R[z]NV £ 0. Asz € Or(U = V),
then there exists y € R[z] N (U = V), hence z > xRy, and so, as F is an
IK-frame, zRv > y for some v € X. Asv € R[z] C (<oR)[z] C U,y <vand
(U:>V),thenveV, and as v € R|[z], then R[z] NV # 0.

Let us show that (OrU = O<or)V) C O<or)(U = V) for every U,V €
P<(X): Assume that » € (OrU = O(<or)V), let z € (SoR)[z] and 2 <y € U,
and let us show that y € V. As z € (<o R)[z], then z < vRz < y, hence, as F
is an IK-frame, z < v < wRy for some w € X. As wRy € U, then w € OrU,
and as x < w, then w € O<op)V, hence y € Rlw] C (<o R)[w] CY. O

3 Topological semantics

Definition 3.0.11. (General frame) A general frame is a structure G =
(X, <, R, A) such that X is a nonempty set, < is a partial order on X, R
is a binary relation on X, and A is a subalgebra of (P<(X),N,U,=,0,X).
For every general frame G, Fg = (X, <, R) is the associated frame, and the
associated ordered topological space Xg = (X, <,74) has the following subbase:
{Y|YeAlU{(X\Y)|Y e A}.



3.1 General IntKg-frames and their morphisms

Definition 3.1.1. (General IntKq-frame) Let G = (X, <, R, A) be a general
frame. G is a general IntKg-frame iff

D1. Xg is an FEsakia space, and A is the collection of the clopen increasing
sets of Xg.

D2’. A is closed under Og.
D3. For every x € X, Rlz] € K(Xg).

Definition 3.1.2. (p-morphism of general IntKp-frames) Let G; = (X;, <;
,Ri, A;) be general IntKg-frames, i = 1,2. A map f : X1 — Xy is a p-
morphism iff for every z,x',y € X1, z € X,

M1. if x <1y then f(z) <o f(y).

M2. If f(x) <2 z then f(z') = z for some z’ € x1.

MS3. For everyY € As, f71Y] € A;.

My. If xRyy then f(z)Raf(y).

M5, If f(x)Raz then f(2') <o z for some x’ € Ry[z].

Conditions M1-M3 together are equivalent to saying that f : Xg, — Xg, is
a continuous and strongly isotone map.

3.2 General IntKs-frames and their morphisms

Definition 3.2.1. (General IntKq-frame) Let G = (X, <, R, A) be a general
frame. G is a general IntK-frame iff

D1. Xg is an Esakia space, and A is the collection of the clopen increasing
sets of Xg.

D2. A is closed under $g.
D3. For every x € X, R[x] € K(Xg).

Definition 3.2.2. (p-morphism of general IntK-frames) Let G; = (X;, <;
,Ri, A;) be general IntKo-frames, i = 1,2. A map f : X1 — X5 is a p-
morphism iff for every x,x2',y € X1, z € X,

M1 if x <1y then f(z) <2 f(y).

M2. If f(z) <2 2 then f(z') = 2 for some 2’ € z1.
MS3. For everyY € Ag, f7LY] € A;.

Mj. If 2Ryy then f(z)Raf(y).

M5. If f(z)Roz then z <o f(a') for some 2 € Ry[a].

B



3.3 General IK-frames and their morphisms

Definition 3.3.1. (General IK-frame) Let G = (X, <, R, A) be a general
frame. G is a general IK-frame iff

D1. Xg is an Esakia space, and A is the collection of the clopen increasing
sets of Xg.

D2. A is closed under Op and O(<oR)-
D3. For every x € X, Rlz] € K(Xg).
Dj. For every x € X, Rlz7] € K1(Xg).

Example 3.3.2. For every finite partial order (X, <), the general frame G =
(X, <, (2 05),P<(X)) is a general IK-frame.

Proof. Let T be the topology generated by taking P<(X)UP>(X) as a subbase.
As X is finite, then X = (X, <,7) is compact. For every U € P<(X), U
is clopen and <-increasing. Viceversa, if U is clopen and <-increasing, then
U € P<(X), so P<(X) is the collection of the clopen increasing subsets of X.
X is totally order-disconnected, for if # € y, then y ¢ 27 € P<(X), so X is a
Priestley space!. X is an Esakia space, for if U is a clopen subset of X, then
U] € P>(X), hence U] is clopen. Item 2 of 2.0.8 implies that P<(X) is closed
under ¢ (>.<), and by 2.0.9, P< (X) is closed under O<o(>o<)- Forevery z € X,
(ZoQ)z] =x|1 € P<(X) and (> o<)[z]] = 2T]1 € P<(X), so they are clopen
increasing, therefore (> o <)[z] € K(X) and (> o <)[z1] € K(X). O

Definition 3.3.3. (p-morphism of general IK-frames) Let G; = (X;,<;
,Ri, A;) be general IK-frames, i = 1,2. A map f: X7 — Xa is a p-morphism
iff for every x, 2’y € X1, z € Xo,

M1 if v <y y then f(z) <2 f(y).

M2. If f(z) <o = then f(z') = = for some &' € z1.

MS3. For everyY € As, f71Y] € A;.

MJ. If xRyy then f(z)Raf(y).

M5. If f(x)Rez then z < f(a') for some x' € Ry[x].

M6. If f(x)(<20 Ry)z then f(x') <y z for some ' € Ry[z1].

LActually, 7 is the discrete topology, because, as X is finite, then every closed set is the
finite intersection of clopen sets and so every closed set is clopen. Moreover, as X is a Priestley
space, then it is Hausdorff, so every singleton set is closed and therefore clopen, so every subset
of X is clopen, for it is the finite union of clopen sets.



4 From general L-frames to algebras

For every general frame G = (X, <, R, A), let GT := A, and for every continuous
map f : Xg, — Xg, let ft: G5 — G be given by the assignment Y ——
f7HY] for every Y € Ag,.

4.1 The action of (_)* on objects

Let us recall that for every general frame G = (X, <, R, A), Fg = (X, <, R) is
the associated frame.

Lemma 4.1.1. Let G = (X, <, R, A) be a general frame.
1. If G is a general IntKg-frame, then Fg is an IntKg-frame.
2. If G is a general IntKo -frame, then Fg is an IntK-frame.
3. If G is a general IK-frame, then Fg is an IK-frame.

Proof. 1. Let us show that for every z € X, (<o R)[z] C (Ro <)[z]: Suppose
that z € (<o R)[z] and z ¢ (Ro <)[z] = R[z]] for some z € X. As z ¢
R[z]7, then y £ z for every y € Rx], hence, by D1, for every y € R[x] there
exists a clopen increasing subset U, of Xg such that y € U, and z ¢ U,, and
so Rlz] € U,epjy Uy, and as Xg is compact and R[z] is closed by D3, then
R[z] C U, Uy, = U for some y1,...,y, € R[z]. As U is clopen increasing,
then U € A, moreover, z ¢ U and R[z] C U.

As z € (<o R)[z], then x < wRz for some w € X. Since z € (R[w] \ U), then
w ¢ OgU € A by D2, so in particular OgU is increasing, and as z < w, then
x ¢ ORU, i.e. R[z] € U, contradiction.

2. Let us show that for every z € X, (> o R)[z] C (R o >)[x]: Suppose that
z € (> oR)[z] and z ¢ (Ro >)[x] = R[x]] for some z € X. As z ¢ R[z]l,
then z £ y for every y € R[z], hence, by D1, for every y € R[z] there exists
a clopen decreasing subset V, of Xg such that y € V, and z ¢ V,, and so
Rz] € U, eppy Ve, and as Xg is compact and Rlz] is closed by D3, then R[z] C
U, V, =V for some yi,...,yn € Rlz]. Let U = (X \ V). As U is clopen
increasing, then U € A, moreover, z € U and R[z]NU = (.

As z € (> o R)[z], then > wRz for some w € X. Since z € Rlw] N U, then
w € OrU € A by D2, so in particular OgU is increasing, and as w < x, then
z € OrU, i.e. Rlz]NU # 0, contradiction.

3. Let us show that for every z € X, (Ro <)[z] C (<o R)[z]: Suppose that
z € (Ro<)z] and z ¢ (<o R)[z] = R[z1] for some z € X. As z ¢ R[z]]
which is a closed and increasing subset of Xg by D4, then y £ z for every
y € R[z1], hence, by D1, for every y € R[z]] there exists a clopen increasing
subset Uy of Xg such that y € Uy and z ¢ Uy, and so R[z1] € U, e g, Uy, and
as Xg is compact and R|z] is closed by D3, then R[z] C (J;_, U,, = U for some
Y1s---,Yn € R[z]. As U is clopen increasing, then U € A, moreover, z ¢ U and
Rlz1] C U.



As z € (Ro<)[z], then xRw < z for some w € X. Since w € R[z| C R[z7] C U,
then w € U which is increasing, and as w < z, then z € U, contradiction. O

Proposition 4.1.2. Let L € {IntKg, IntKo,IK}. For every general L-frame
G=(X,<,R,A), A is an L-algebra.

Proof. It immediately follows from 2.0.10 and 4.1.1. O

4.2 The action of ()" on arrows

Proposition 4.2.1. Let L € {IntKp,IntK,,IK}. For every p-morphism
h: G — Go of general L-frames, ht : Go© — G1" is a homomorphism of
L-algebras.

Proof. If h : G — G5 is a p-morphism of general L-frames, then in particular
it is a continuous and strongly isotone map between the Esakia spaces Xg,
and Xg,, hence from the duality for Heyting algebras, A" is a homomorphism
between the Heyting algebra reducts of Go* and G; . Let us show that if G;
and Gy are general IntKg-frames, then for every Y € As,

h~YOg,Y] = Og,h 1[Y].

For every x € X1, * € h™[0Og,Y] iff Ry[h(z)] C Y, and x € Og, h~1[Y] iff
Ry [Jﬁ] - h_l[Y].

(C) Assume that z € Ry[z] and show that z € h™![Y]: As xRz, then, by M4,
h(z)Rah(z), i.e. h(z) € Ra[h(z)] CY, hence z € h™1[Y].

(D) Assume that z € Ra[h(x)] and show that z € Y: If h(z)Raz, then, by M5’
there exists y € Ry[z] € h~![Y] such that h(y) <o z. As h(y) € Y and Y is
<s-increasing, then z € Y.

Let us show that if G; and G5 are general IntK-frames, then for every Y € A,

hil[ORQY] = <>R1h71 [Y]

For every © € X1, x € h ™ [ORr, Y] iff Ro[h(2)]NY # 0, and & € Op, hL[Y] iff
Ri[z] N ALY #£ 0.

(C) Assume that z € Ra[h(x)]NY. As h(xz)Raz, then, by M5, there exists
y € Ry[x] such that z <5 h(y). As z € Y and Y is <s-increasing, then h(y) € Y.
Hence y € Ry[z] Nh=1[Y] # 0.

(2) Assume that z € Ry[z] N h71[Y], hence h(z) € Y and xR;z, so, by M4,
h(z)Rah(z), i.e. h(z) € Ro[h(z)], and so h(z) € Ra[h(z)|NY # 0.

Let us show that if G; and G, are general IK-frames, then for every Y € Aj,

hH O (<or,) Y] = O(<oryh Y]

For every # € Xy, 2 € h™'[O(<op,) Y] iff (o Ry)[h(z)] C Y, and = €
O<ornh Y] iff (<o Ry)lz] C h™HY].

(C) Assume that z € (<o Ry)[z] and show that z € h7[Y]: As # <; wRy2
for some w € Xj, then, by M1 and M4, h(xz) <o h(w)R2h(2), i.e. h(z) €
(<o Ry)[h(x)] CY, hence z € h~1[Y].



(D) Assume that z € (<o Ry)[h(x)] and show that z € Y: If h(z)(<2 o R2)z,
then, by M5, there exists y € (<; o Ry)[z] € h™!'[Y] such that h(y) <2 2. As
h(y) €Y and Y is <,-increasing, then z € Y.

The proof that h=1[ORr, Y] = O, h~1[Y] goes as in the IntK, case. O

5 From algebras to general L-frames

Let L € {IntKp, IntKo,IK}. For every L-algebra A let Pr(A) be the collec-

tion of the prime filters of A. Let us define Ay := (Pr(A),C, R4, A), where
for every P,@Q € Pr(A):

R1. If Ais an IntKg-algebra, PR 4Q iff 071[P] C Q.
R2. If Ais an IntKo-algebra, PRAQ iff Q C O~ L[P].
R3. If A is an IK-algebra, PR4Q iff O71P C Q C O~ ![P].

A=1{a|ac A}, and for every a € A, @ = {P € Pr(A) | a € P}, moreover for
every n-ary operation * in the signature of A *A(ag,...,a,) = *(ai,...,a,).
For every homomorphism f : A; — As let fi : Ay — A;, be given by the
assignment P —— f~1[P] for every P € Pr(As).

5.1 Properties of R4
Lemma 5.1.1. For every L-algebra A, R 4 is a closed subset of X4, X X4, .

Proof. Assume that R 4 is defined like in R1. If (P, Q) ¢ R.4, then O71[P] Z Q,
ie. Da € P and a ¢ @ for some a € A. Hence P € (Qa) and Q ¢ @. Let us
consider U = (Oa) x (Pr(A)\a). U is an open subset of X 4, x X 4, for both
(Ba) and Pr(A)\@ are, moreover (P,Q) € U. Let us show that R4 NU = (: If
(S,T) €U, then Oa € S and a ¢ T, hence OS] Z T, i.e. (S,T) & Ra.
Assume that R 4 is defined like in R2. If (P, Q) ¢ R4, then Q ¢ O71[P],
ie. a € Q and Oa ¢ P for some a € A. Hence Q € @ and P ¢ (¢a). Let us
consider U = (Pr(A) \ (¢a)) x @. U is an open subset of X 4, x X 4, for both
Pr(A)\ (¢a) and @ are, moreover (P, Q) € U. Let us show that R4 NU = 0: If
(S,T) €U, then Ga ¢ S and a € T, hence T Z O 1[S], i.e. (S,T) ¢ Ra.
Assume that R 4 is defined like in R3. If (P, Q) ¢ R, then either O7[P] Z Q
or Q@ Z ©71[P]. Then the proof follows like in one of the cases above. O

Corollary 5.1.2. For every L-algebra A, if F is a closed subset of X 4, , then
Ra[F] is a closed subset of X 4, .

Proof. For every closed subset F of X 4.,

RA[F] = {Q¢€ Pr(A)| PRaQ for some P € F}
= m[RaN(F x Pr(A))].



By 5.1.1 R 4 is closed, hence so is R4 N (F x Pr(A)), and as 7y is a closed map,
for it is a continuous map between compact spaces, then m3[R 4 N (F x Pr(A))]
is closed. O

Lemma 5.1.3. 1. For every IntKp-algebra A, R4 = (CoR40C).
2. For every IntKe-algebra A, R4 = (20R402D).
3. For every IK-algebra A, R4 =(CoR4)N(Ra02D).

Proof. 1. (2) If (P,Q) € (CoR40C), then P C S1R4S2 C Q, for some
S1,85 € Pr(A), hence O'P] C OS] C Sy C Q.

(C) If PRAQ, then P C PRAQ C Q.

2.2) (P, Q) € (D0R 402), then P D S1R 452 2 Q, for some S1,.5; € Pr(A),
hence Q@ C S, C O~ 1[S;] C O~ [P).

(C) If PRAQ, then P D PRAQ 2 Q.

3. D)U(P,Q) e (CoRA)N(RAa02D), then P C STRAQ and PRS2 2 Q
for some S1,S, € Pr(A), then O-P] C OS] C Q and Q C Sy C O~ LYP,
hence PR 4Q.

(C) If PRAQ, then P C PR4Q and PR4Q 2 Q. O

Lemma 5.1.4. For every IK-algebra A and every P,Q € Pr(A),
1. (P,Q) € (Rao2) iff Q C O7'[P].
2. (P,Q) € (CoRa) iff O7'[P] C Q.

Proof. 1. (<) Assume that @ C ©71[P], and let us show that there exists
S € Pr(A) such that PR4S 2 @, i.e. such that QU O"}[P] C S and SN
OL[P]¢ = 0. Let us consider Fi(Q UO~1[P]): If we show that

Fi(QUO™YP]) N O P]c =0,

then the statement will follow by Birkhoff-Stone theorem. Suppose that Fi(QU
O~1[P])N<OTLP]¢ # 0. Then there exists ¢ € A such that Oc ¢ P and aAb < ¢
for some a € O7![P] and b € Q. Then b < a — ¢, hence Ob < O(a — ¢) <
(Oa — <c). As b e Q C O~ YP], then ©b € P, hence Oa — Oc € P, and as
Oa € P, then ¢c € P, contradiction.

(=) If PRAS 2 Q for some S € Pr(A), then Q C S C O~ 1P].

2. («) Assume that O71[P] C @, and let us show that there exists S € Pr(A)
such that P C S and O71[P] C Q C ©~1[P], i.e. such that P U <[P] C S and
SNO[Q ] = 0. Let us consider Fi(P U[Q)]): If we show that

Fi(PUO[Q]) NO[QT =1,

then the statement will follow by Birkhoff-Stone theorem. Suppose that Fi(P U
OlQ)) N O[Q°] # 0. Then there exist a € Q°, b € P and ¢ € @ such that
bA<Oc < Oa. Then b < Oc — Oa < O(¢c — a). Asb € P, then O(c — a) € P,
hence ¢ — a € O71[P] C @, and as ¢ € Q, then a € Q, contradiction.

(=) If P C SRAQ for some S € Pr(A), then O-1[P] CO71[S] C Q. O

10



Corollary 5.1.5. 1. For every IntKg-algebra A and every P € Pr(A), if
Oa ¢ P, then a ¢ Q and PR 4Q for some Q € Pr(A).

2. For every IntKo-algebra A and every P € Pr(A), if Ca € P, then a € Q
and PR AQ for some Q € Pr(A).

3. For every IK-algebra A, if Oa ¢ P, then a ¢ Q and P C SR AQ for some
Q,S € Pr(A).

4. For every IK-algebra A and every P € Pr(A), if Oa € P, thena € S and
PR AS for some S € Pr(A).

Proof. 1. If Oa ¢ P, then Id(a) N O~![P] = 0, for if not, then ¢ < a for some
¢ such that Oc € P, hence Oc < Oa, therefore Oa € P, contradiction. By
Birkhoff-Stone theorem, there exists Q@ € Pr(A) such that O71[P] C Q, i.e.
PR 4Q, and a ¢ Q.

2. If Ga € P, then Fi(a) N O7L[P¢] = 0, for if not, then a < ¢ for some ¢ such
that Gc ¢ P, hence Oa < Oc, therefore Oc € P, contradiction. By Birkhoff-
Stone theorem, there exists Q € Pr(A) such that a € Q and Q C O 1[P], i.e.
PR AQ.

3. If Oa ¢ P, then Id(a) N O71[P] = (), so by Birkhoff-Stone theorem, there
exists @ € Pr(A) such that O°'[P] C Q and a ¢ Q. By item 2 of 5.1.4,
P C SR 4Q for some S € Pr(A).

4. If ©a € P, then Fi(a) N O~ 1[P¢] = 0, so by Birkhoff-Stone theorem, there
exists Q € Pr(A) such that ¢ € Q and Q@ C O71[P]. By item 1 of 5.1.4,
PR 4S 2 Q for some S € Pr(A),and asa € S C Q, thena € S. O

Corollary 5.1.6. 1. For every IntKp-algebra A, (CoR4) C (R40 Q).
2. For every IntK-algebra A, (D0R4) C (Rg02).
3. For every IK-algebra A, (DoR4) C(Ra02) and (R40C) C (CoR4).

0-19] C @, hence PR4Q C Q.
~1[P], hence PR4Q 2 Q.
@, hence by item 2 of 5.1.4, (P,Q) €

Proof. 1. If P C SR 4Q, then O71[P] C
2. If P D SRAQ, then Q C OS] C O
3. If PRAS C Q, then O7L[P] C S C

(CoRA).
If P D SRAQ, then Q C O71[S] C ©~1[P], hence hence by item 1 of 5.1.4,
(P,Q) € (Rac?2). O

5.2 The action of (_), on objects
Proposition 5.2.1. Let L € {IntKp,IntKo,IK}. For every L-algebra A,

Ay = (Pr(A),C,Ra,A) is a general L-frame.

Proof. From the duality for Heyting algebras, it holds that X 4, is an Esakia
space, and A is the collection of the clopen increasing sets of X 4, , which is D1.
As X 4, is an Esakia space, then in particular it is Hausdorff, hence for every
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P € Pr(A), {P} is closed in X4, and so by 5.1.2, R4[P] is closed in X 4, ,
which is D3. B

Let us show that if A is an IntKg-algebra, then 04 = Or,, i.e. that for every
a€ A,

(Da) =Ug a.

(C) If P € (Oa), then Oa € P, i.e. a € O7[P] so, for every Q € Pr(A), if
PR 4Q, then a € O~ 1[P] C Q.

(D) If P ¢ (Oa), then by item 1 of 5.1.5, a ¢ Q and PR 4Q for some Q € Pr(A),
so P ¢ Og a.

Let us show that if A is an IntK-algebra (an IK-algebra), then O4A = Op
i.e. that for every a € A,

(<>a) = ORAE-

(C) If P € (Ca), then Ca € P, then by item 2 (item 4) of 5.1.5, a € @ and
PR 4Q for some Q € Pr(A), hence P € Og ,a.

(D) If P € Og,a, then a € Q and PRAQ for some @ € Pr(A), ie. Q C
O~LP], hence Ca € P. -

Let us show that if A is an IK-algebra, then 04 = O(Cor4)s €. that for every
a€ A,

(Da) = O(cor )@

(C) If P € (Da), then Oa € P, i.e. a € O P] so, for every Q € Pr(A), if
PR AQ, then a € O71[P] C Q.

(D) If P ¢ (Oa), then by item 3 of 5.1.5, a ¢ Q and P C SR 4Q for some
Q,S € Pr(A),so P ¢ Ocory)a-

This is enough to show that A is closed in each case under the appropriate
operations.

If Ais an IK-algebra, then as X 4, is an Esakia space, then in particular it is
Priestley, hence for every P € Pr(A), P1 ={Q € Pr(A) | P C @} is closed in
X4, ,and so by 5.1.2, R4[P1] is closed in X 4, .

Let us show that R 4[P1] is C-increasing: If Q € R4[P1] and Q C T, then P C
SRAQ C T, hence by item 3 of 5.1.6, P C S C Q"R4T, and so T € R4[P1].
This proves DA4. O

5.3 The action of (L), on arrows

Proposition 5.3.1. Let L € {IntKq,IntK.,IK}. For every L-algebra ho-
momorphism h : Ay — Az, hy + Aoy — Ay, is a p-morphism of general
L-frames.

Proof. From the duality for Heyting algebras, it holds that h is a continuous
and strongly isotone map between X 4,, and X4, , which is equivalent to
conditions M1-M3.

Let us show that if P,Q € Pr(Ay) and O°'[P] C @, then O '[n~![P]] C
h=1[Q]: For every a € As,
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a €O Hn P Oa € h™1[P]

h(Oa) € P

Oh(a) € P

h(a) € O7YHP] C Q
a € h Q).

Let us show that if P, @ € Pr(Az) and Q C ©![P], then h=1[Q] C O~ A P]]:
For every a € As,

tgeee

ach Q] < h(a)eQC o P
= Ohla) €P
< h(Ca)e P
& Caeh P
& ae o7 nTP.

This is enough to show that for L € {IntKg, IntK.,IK} and for every P,Q €
Pr(Ay), if PR, Q, then hy (P)R.4, h(Q), which is M4.

Let us show M5 for IntK-algebras, i.e. that if A4; and A, are IntK-algebras
and P € Pr(As), Q € Pr(A;) are such that h='[P]R 4, Q, then there exists S €
R, [P] such that @ C h=1[S]. We need that S C O~1[P], i.e. SNOTLP]c =10
and Q C h™1[S], i.e. h[Q] C S. It holds that

Fi(h[Q]) N OTHPI* =0,

for if not, then there are a € @ and b ¢ P such that h(a) < b, hence Oh(a) <
Ob. Asa € Q C O~ A Y[P]], then Oh(a) € P, hence Ob € P, contradiction.

By Birkhoff-Stone theorem, there exists S € Pr(Az) such that h[Q] C S (i.e.
Q Ch7lS]) and SNOTLPIc =0, ie. SCOTP], ie. PR4,S.

Let us show M5 for IK-algebras: Like before, it holds that Fii(h[Q])NO 1 [P]¢ =
0, so by Birkhoff-Stone theorem, h[Q] C T (i.e. @ C h=Y[T]) and TNOL[P]¢ =
) for some T € Pr(As). As T C O~![P], then by item 1 of 5.1.4, (P,T) €
(Ra, ©2), i.e. PR4,S DT for some S € Pr(Az), so S € R4,[P] and Q C
h=HT] C h71[S].

Let us show M5, i.e. that if A; and Ay are IntKg-algebras and P € Pr(Az),
Q € Pr(A;) are such that h™1[P]R 4, Q, then there exists S € R4,[P] such
that h=1[S] C Q: we need that O~ ![P] C S and S C h[Q], i.e. SN A[Q] = 0.
If we show that

hQ] N Fi(O7HP]) =0,

then the statement will follow from Birkhoff-Stone theorem. Suppose that there
are a ¢ @ and Ob € P such that b < h(a), hence Ob < Oh(a) = h(Oa). As
0Ob € P, then h(da) € P, hence a € O~ [h~1[P] C Q, contradiction.

Let us show M6, i.e. that if A; and Ay are IK-algebras and P € Pr(As),
Q € Pr(A;) are such that h=1[P](CoR 4,)Q, then there exists S € (CoR 4,)[P]
such that h=1[S] C Q: By item 2 of 5.1.4, we need that O~ ![P] C S, moreover,
we need that S C Rh[Q], i.e. SN A[Q] = 0. The proof goes like in the case
treated before. O
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6 Duality

For L € {IntKp, IntKo,IK} and for every general L-frame G = (X, <, R, A),
let us consider the assignment which maps every x € X to the set eg(z) =
{Y € A| z € Y}. From the duality for Heyting algebras, we know that this
assignment defines a map e¢g : Xg — X(g+), which is an iso in E.

Let us introduce three full subcategories of the categories of the general L-
frames and their p-morphisms:

6.1 L-spaces

Definition 6.1.1. (IntKg-space) Let G = (X, <, R, A) be a general frame. G
1s an IntKg-space iff

D1. Xg is an Esakia space, and A is the collection of the clopen increasing
sets of Xg.

D2’. A is closed under Og.
D3. For everyx € X, Rlzr] € K'(Xg) ={F € K(Xg) | F = F1}.

So IntKp-spaces are those general Int K g-frames such that R[z] is <-increasing
for every x € X. Let IntKgsp be the category of the IntKg-spaces and their
p-morphisms.

Example 6.1.2. For every finite partial order (X, <), the general frame G =
(X, <, <, P<(X)) is an IntKg-space.

Proof. Let T be the topology generated by taking P<(X)UPx(X) as a subbase,
and let X = (X, <, 7). In 3.3.2, we saw that X is an Esakia space and that
P<(X) is the collection of the clopen increasing subsets of X. Item 1 of 2.0.8
implies that P<(X) is closed under O<. For every z € X, 21 € P<(X) is clopen
increasing, so in particular 21 € KT(X). O

Definition 6.1.3. (IntKs-space) Let G = (X, <, R, A) be a general frame. G
1s an IntK-space iff

D1. Xg is an Esakia space, and A is the collection of the clopen increasing
sets of Xg.

D2. A is closed under <g.
D3. For every x € X, Rlz] € KN(Xg) ={F € K(Xg) | F = F|}.

So IntK¢-spaces are those general IntK o-frames such that R[z] is <-decreasing
for every x € X. Let IntKosp be the category of the IntK-spaces and their
p-morphisms.

Example 6.1.4. For every finite partial order (X, <), the general frame G =
(X, <, >, P<(X)) is an IntKo-space.
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Proof. Let T be the topology generated by taking P<(X)UPx(X) as a subbase,
and let X = (X, <, 7). In 3.3.2, we saw that X is an Esakia space and that
P<(X) is the collection of the clopen increasing subsets of X. Item 2 of 2.0.8
implies that P<(X) is closed under ¢>. For every z € X, 2| € P>(X) is clopen
decreasing, so in particular x| € K(X). O

Definition 6.1.5. (IK-space) Let G = (X, <,R, A) be a general frame. G is
an IK-space iff

D1. Xg is an Esakia space, and A is the collection of the clopen increasing
sets of Xg.

D2. A is closed under Op and O(<opg).-

D3. For every x € X, R[x] € K(Xg).

Dj. For every x € X, Rlz7] € K1(Xg).

D5. For every x € X, R[x] = R[zT] N R[z]].

Conditions D4 and D5 together imply that for every € X, R[z] is the in-
tersection of an increasing set and a decreasing set, hence R[z] is convex, and
so R[x] = R[z]T N R[z]]. So if G is an IK-space, then G is a general IK-
space and R[z] is convex for every x € X. Question: does the viceversa
hold? Probably not. Let IKsp be the category of the IK-spaces and their
p-morphisms.

Given a finite partial order (X, <), the general IK-frame G = (X, <,(> o
<), P<(X)) is not an IK-space in general. Consider the partial order associated

with the following Hasse diagram:
Z1 Z4

z3 z2

The relation (> o <) does not satisfy D5: It holds that z < z; > 29 < y, so
ye(>o<)al], and z> 23 < 2 >, 50 € (> 0 <)fa] , but y ¢ (>0 <)a].

Example 6.1.6. For every finite linear order (X,<), the general IK-frame
G =(X,<,(>0<),P<(X)) ts an IK-space.

Proof. Since < is a linear order, then for every € X, X = 21Uz C (>o<)[x],
hence (> o <)[z] = (> o <)[z7] N (> o <)[z]], which is D5. O

Proposition 6.1.7. For every L-algebra A, Ay is an L-space.

15



Proof. By 5.2.1, A, is a general L-frame. By item 1 of 5.1.3, if A is an IntKg-
algebra, then R4[P] = (C o R 4 0 C)[P] is C-increasing for every P € Pr(A).
Analogously, items 2 and 3 of 5.1.3 respectively imply that if A is an IntKs-
algebra, then R4[P] is C-decreasing for every P € Pr(A), and if A is an
IK-algebra, then R o[P] = (CoR4)[P]N(R.a02)[P] for every P € Pr(A). O

Lemma 6.1.8. For every general L-frame G = (X, <, R, A) and every z,y € X,
1. x <y iffeg(z) C eg(y)-
2. If xRy then eg(z)R acg(y).

Proof. 1. If x <y then, as A C P<(X), forevery Y € A, ifz € Y theny € Y.
If ¢ £ y then, as Xg is totally order-disconnected and A is the collection of
the clopen increasing subsets of Xg, 2 € Y and y ¢ Y for some Y € A, hence
Y € (eg(z) \ €g(y)), and so eg(x) Z eg(y).

2. Let us show that if y € R[z], then a) O3'[eg(x)] C eg(y), b) eg(y) C
o7l [eg(@)] and ¢) 0L, [eg(2)] C eg(y):

a) For every Y € A, ORY € eg(z) if z € OrY, if Rlz] CY, andsoy € Y,
ie. Y eeg(y).

b) Forevery Y € A, Y €eg(y) if y €Y, and as y € R[z], then R[z]NY # 0,
ie. ORY €eg(z),ie. Y € OR'[eg(w)].

c) For every Y € A, O<or)Y € eg(7) iff z € O<op)Y, iff (o R)[z] C Y, and
soy € Rz] C (SoR)z] CY,ie Y €eg(y).

a) proves the statement if A is an IntKg-algebra, b) proves the statement if
A is an IntKo-algebra, and a) and c¢) together prove the statement if A is an

IK-algebra. O
Lemma 6.1.9. 1. The following are equivalent for every general IntKg-
frame:

(a) For every x € X, R[x] = R[x]].
(b) For every z,y € X, if e(x)R e(y) then xRy.
2. The following are equivalent for every general IntKo -frame:
(a) For every x € X, R[z] = R[z]].
(b) For every x,y € X, if e(x)Rae(y) then xRy.
3. The following are equivalent for every general IK-frame:
(a) For every x € X, R[z] = R[z1] N R[x]].
(b) For every z,y € X, if e(x)R ae(y) then xRy.

Proof. 1. (a = b) Suppose that z,y € X are such that e(x)R4e(y) but y ¢
R[z] = R[z]T. Then R[z] CU and y ¢ U for some U € A, hence z € OgU.

As e(z)R ae(y), then O [e(z)] C e(y), i.e. for every U € A, if 2 € OgU, then
y € U, contradiction.
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(b= a) (2) If y € R[x]T, then 2Rz < y for some z € X, hence, by 6.1.8,
e(2)Rae(2) C e(y), i.e. Ox'[e(z)] C e(2) C e(y), hence e(z)R 4¢(y), and so by
assumption it follows that zRy.

2. (a = b) Suppose that x,y € X are such that e(x)R4£(y) but y ¢ R[z] =
R[z]|. Then y € U and R[z]NU = ( for some clopen increasing subset U, hence
X ¢ <>RU.

As e(2)R4e(y), then e(y) C OR'[e(x)], ie. for every U € A, if y € U then
x € OrU, contradiction.

(b = a) (2) If y € R[z]], then xRz > y for some z € X, hence, by 6.1.8,
e(2)Rae(2) 2 e(y), ie. e(y) Ce(z) € OR'[e(x)], hence e(z)R 4¢(y), and so by
assumption it follows that zRy.

3. (a = b) Suppose that z,y € X are such that e(z)Rae(y) but y ¢ R[z] =
R[x1] N R[z]|. Then either y ¢ R[zT] or y ¢ R[z]|. If y ¢ R[z1] = R[z7]T Then
R[z1] CU and y ¢ U for some U € A, hence z € O<p)U.

As e(z)R 4e(y), then D(}loR) [e(z)] Ce(y),ie. foreveryU € A, ifz € O<op)U,
then y € U, contradiction. If y ¢ R[z]| the proof is analogous to the (a = b)
of item 2.

(b= a) (2) If y € R[zT] N R[z]], then z < 2Ry and xRz > y for some
21,29 € X, hence, by 6.1.8, (z) C &(21)Rae(y) and e(z)R4e(z2) 2 £(y),
and so O3'[e(x)] € Op'[e(21)] C e(y) and e(y) C e(z9) C OR'[e(w)], hence
e(x)R ae(y), and so by assumption it follows that zRy. O

Proposition 6.1.10. For every L-space G = (X, <,R, A), eg : G — (GT)4 is
a p-morphism of L-spaces, hence it is an iso in the category of L-spaces.

Proof. From the duality for Heyting algebras, we know that g : Xg — X(g+),
is an iso in E, hence it is bijective and satisfies M1-M3. M4 holds by item 2
of 6.1.8. The surjectivity of g and 6.1.9 imply M5’, M5 and M6. Let us show
MG6: If eg(x)(C o Ra)P = eg(y), then eg(z) C eg(2)R aeg(y) for some z € X,
hence, by item 1 of 6.1.8 and 6.1.9, © < zRy, i.e. y € (<o R)[x]. O

Theorem 6.1.11. For every L € {IntKg, IntK.,IK}, the category LAlg of
L-algebras and their homomorphisms is dually equivalent to the category LSp
of Li-spaces and their p-morphisms.

Proof. Tt follows from 4.1.2, 4.2.1, 5.3.1, 6.1.7, and 6.1.10. O

7 Characterizing topological semantics of MIPC

One of the best known axiomatic extensions of IK is the modal imtuitionistic
propositional calculus (MIPC) introduced by Prior in [12]. MIPC can be
thought of as the intuitionistic S5 (see [2]), and it holds (see for example [13])
that

MIPC = IK®Op—p &Op—00p & Op— O0p @
p—Op §OOp — Op & <SOp — Up.
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Bezhanishvili [1, 2] introduced a topological semantics for MIPC, given by
the category TPSOE of perfect augmented Kripke frames and their morphisms
(see 7.0.17 and 7.0.21 below), and proved that TPSOE is dually equivalent
to the category of monadic Heyting algebras and their homomorphisms, which
is the class of algebras canonically associated with MIPC (see [2]). In this
section, we will show that — as it was to be expected — TPSOE is isomorphic
to the full subcategory MIPCsp of IKsp whose objects are the IK-spaces
G = (X,<,R, A) such that R is an equivalence relation.

Definition 7.0.12. (MIPC-space) An MIPC-space is an IK-space G =
(X,<,E, A) such that E is an equivalence relation.

Definition 7.0.13. (Augmented Kripke frame) (cf. def 2.1 of [2]) A rela-
tional structure (X, <, E) is an augmented Kripke frame iff (X, <) is a partial
order and E is an equivalence relation on X such that (E o <) C (<o E).

Lemma 7.0.14. The following are equivalent for every relational structure
(X, <, B):

1. (X, <, E) is an augmented Kripke frame.
2. (X, <,E) is an IK-frame such that E is an equivalence relation.

Proof. (1 = 2) Let us show that (>0 FE) C (Fo>): ifz,y,z € X and z > yEz,
then, as F is symmetric, zFy < x, and so z < vEx for some v € X, hence
zEv > z.

(1 = 2) It immediately follows from the definition of IK-frame. O

Definition 7.0.15. (Perfect Kripke frame) (cf. section 3.1 of [2]) A pre-
ordered Stone space X = (X, <,7) is a perfect Kripke frame iff 7 € K(X) for
every x € X and for every clopen subset U of X, U] is clopen.

Proposition 7.0.16. The following are equivalent for every preordered space
X =(X,<,7):

1. X is a quasi Fsakia space.
2. X is a Stone space such that for every clopen subset U, U] is clopen.

3. X is a quasi Priestley space such that for every clopen subset U, U] is
clopen.

Proof. See 3.2.7 of [11]. O

From the proposition above it follows that 1) if X = (X, <,7) is a preordered
Stone space such that for every clopen subset U, U] is clopen, then X is a
Priestley space, hence 1 € K(X) for every € X, and so the condition that <
is point closed in 7.0.15 is redundant, and 2) perfect Kripke frames and quasi-
Esakia spaces are one and the same thing.
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Definition 7.0.17. (Perfect augmented Kripke frame) (cf. section 3.1
of [2]) A perfect augmented Kripke frame is a structure X = (X, <, E,T) such
that

1. (X, <, E) is an augmented Kripke frame.
2. (X, <, 1) and (X, (<o E),T) are perfect Kripke frames.
3. For every clopen increasing subset U, E[U] is clopen.

Lemma 7.0.18. For every augmented Kripke frame (X, <, E), and every <-
increasing subset Y, E[Y] is <-increasing.

Proof. Let x € E[Y] and < z and let us show that z € E[Y]: as x € E[Y]
then yEx for some y € Y, so z > xFy, hence, as (>0 E) C (FE o >) by 7.0.14,
zFEv >y for some v € X, i.e. y <vEz, and as Y is increasing and y € Y, then
veY and so z € E[Y]. O

Lemma 7.0.19. (c¢f. lemma 3.1 (1) of [2]) For every perfect augmented Kripke
frame X = (X, <,E,7) and every x € X, E[z] = (<o E)[z] N (F o >)[x].

For every perfect augmented Kripke frame X = (X, <, E, 7) let us define Gy =
(X,<,E, A;), where A, is the IK-type algebra of the clopen increasing subsets
of (X,<,7), ie. the modal operations of A, are O<.p) and Cg.

For every IK-space G = (X, <, E, A) such that E is an equivalence relation let
us consider Xg = (X, <, 7) and define Xg = (X, <, E, 7).

Proposition 7.0.20. 1. For every perfect augmented Kripke frame X =
(X, <,E, 1), Gxr =(X,<,E, A;) is an MIPC-space.

2. For every MIPC-space G = (X, <, E, A}, Xg = (X,<,E,T) is a perfect
augmented Kripke frame.

Proof. 1. Tt holds that Xg, = (X, <,7) is a perfect Kripke frame, i.e. a quasi
Esakia space, and < is a partial order, so Xg, is an Esakia space, and A, is
the algebra of the clopen increasing subsets of Xg,., hence D1 holds.

As (X, (<o E),7) is a perfect Kripke frame, then for every z € X FElz1] €
K(Xg., ), which is D4, moreover for every U € A, (U is a clopen increasing
subset of Xg,, hence (X \ U) is clopen, therefore), (<o E)~[X \ U] is clopen.
It holds that

(o E)HX\U] = {z€X |v(<oE) !z for somev e (X\U)}
= {ze€X | 2(<oE)vforsomeve (X\U)}
= {ze X |E[N(X\U)#0}
= {zeX[E[ U}
= X\D(SOE)U'

Hence O(<,g)U is clopen, and it is increasing, for if 2 € O<,p)U and 2z < y,
then y1 C 27, and so E[yf] C E[21] C U, hence y € O(<,g)U. Let us show that
for every U € A, OpU € A,:
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OpU = {ze X |E[NU#0}
= {z€ X | zEu for some u € U}
= {z€ X |uFEzfor somew e U} (F issymmetric)
= E[U].

As U € A, then U is a clopen increasing subset of Xg,,, hence by condition 3 of
7.0.17, E[U] is clopen, and it is increasing, by 7.0.18, which completes the proof
of D2. By 7.0.19, for every z € X, E[z] = (<oE)[z]N(Eo>)[x] = E[zT|NE[z]],
which is D5. From D4 and the fact that Xg,, being an Esakia space, is a
Priestley space, it follows that E[z] = E[z1] N E[z]| is the intersection of two
closed sets, so it is closed, which is D3.

2. By item 3 of 4.1.1 it holds in particular that (Eo<) C (<oFE), so (X, <, E) is
an augmented Kripke frame. D2 implies that for every clopen increasing subset
U, E[U] = OgU is clopen. By D1, (X, <,7) is an Esakia space, hence it is a
perfect Kripke frame. Let us show that (X, (<o E), 1) is a perfect Kripke frame:
By 7.0.16, it is enough to show that the assignment & — (< o E)[z] defines a
continuous map p : Xg — K(Xg). By D4, it holds that (<o E)[z] = E[z1] €
K'(Xg) for every z € X, and as K'(Xg) is a subspace of K(Xg), then it is
enough to show that the assignment z —— (< o F)[z]| defines a continuous map
p:Xg — K'(Xg). By item 2 of 6.1.5 of [11], B}, ) = {{(U)NK(Xg) | U
clopen increasing } U {m(V) N K'(Xg) | V clopen decreasing} is a subbase
of K'(Xg), so it is enough to show that for every clopen increasing subset
U of Xg, p~t[t(U)] is clopen. For every clopen increasing subset U of Xg,
p Ht(U)] = {z € X | (€0 E)[z] C U]} = O<op)U, which is clopen increasing
by D2. O

Definition 7.0.21. (Morphism of perfect augmented Kripke frames)
(cf. section 3.1 of [2]) Let X; = (X;,<;, E;,7;) be perfect augmented Kripke
frames, i = 1,2. A continuous map [ : (X1,71) — (X2, 72) is a morphism iff
for every x,2’',y € X1, z € X,

M1. if w <1y then f(z) <» f(y).

M2. If f(x) <o z then f(a') = z for some &’ € xT.

My’ If x(<q10 Ev)y then f(x)(<z2 0 E2)f(y).

M6’. If f(2)(<q 0 Ey)z then z = f(z') for some 2’ € (<1 0 Ey)[z].
M5. If f(x)Eaz then z <y f(x') for some 2’ € Ey[x].

Proposition 7.0.22. 1. For every morphism f : X1 — Xy of perfect aug-
mented Kripke frames, [ is a p-morphism between the associated MIPC-

spaces Gx, and Gy, .

2. For every p-morphism f : G1 — Gy of MIPC-spaces, f is a morphism
between the associated perfect augmented Kripke frames Xg, and Xg, .
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Proof. 1. We have to show the conditions M3, M4 and M6 in 3.3.3 hold: M3
is equivalent to the continuity of f, and M6’ immediately implies M6. Let us
show M4, i.e. assume that xE;y and show that f(x)Esf(y): By 7.0.19, it is
enough to show that f(x)(<o Es2)f(y) and f(x)(Es 0 >)f(y). As x < xEy,
then by M47a f(x)(g © EQ)f(y) As xEly > Y, then = € (S © El)[y] S0, by M4’a
F(z) € (<0 Ea)[f(y)] ice. F() € (S0 Eo) [f(x)] = (Es 0 >)[f ()]

2. We have to show that f is continuous and that M4’, M6’ in 7.0.21 hold:
M3 is equivalent to continuity, and M4’ is easily implied by M1 and M4. Let
us show M6’: assume that f(z)(<s2 o E3)z, and show that z = f(z’) for some
' € (<10 Ey)[z]. By M6, f(y) <s z for some y € (< o Ey)[z], hence, by M2,
z = f(a') for some 2z’ € yT, and as y € (<o Ej)[z], then 2/ € (<o Ey o <)[z] =
(< o Ey)[x], the last equality being implied by (E; 0 <) C (<o Fy). O

8 Final remarks

Remark 8.0.23. For every finite linear order (X, <) with more than one ele-
ment, the assignment x — (> o <)[z] = z|1(= X) defines an order-preserving
map ¢ (X, <) — (P(X), <) which is not strongly isotone.

Proof. As <is a linear order, then (>0<) = X x X, 50 <o(>0<) C (> 0<)o<

and >o (>0 <) C (>0 <)o>, which implies (see 5.1.3 of [11]) that ¢!T is order-

preserving. As (X, <) is a finite linear order, then there exists a maximum
element a € X. As X = {a}|, then for every z € X, 2|7 = X <" {a}, but
since X has more than one element, then {a} # X, so there is no y € X such
that y|T = {a}. O

Remark 8.0.24. For every finite linear order (X, <) the assignment x — (>o
[z] = 2 7(= X) defines a strongly isotone map ¢'1 : (X, <) — (P>(X), <!
) = (P>(X), <)

Proof. As <is alinear order, then (>0<) = X x X, 50 >0(>0<) C (> 0<)o>,
which implies (see 5.1.3 of [11]) that ¢!T is order-preserving. For every » € X
and every F € P>(X),if 2|1 = X <! F, then X = F,soz € X, 2 < x and

2|1 =F. O
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